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We show that M-theory compactied on a compact Joyce 8-manifold of Spin(7)-
holonomy, which yields an eective theory in D = 3 with N = 1 supersymmetry,
admits at some special points in it moduli space a description in terms of type IIA
theory on an orientifold of compact Joyce 7-manifold of G2-holonomy. We nd the
evidence in favour of this duality by computing the massless spectra on both M-thory
side and type IIA side. For the latter, we compute the massless spectra by going to
the orbifold limit of the Joyce 7-manifold.
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1 Introduction and Summary
Recently there has been renewed interest in compactication of string and M-theory on
manifolds of exceptional holonomy[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].
These manifolds give rise to models with very low amount of supersymmetry in spacetime
dimensions D  4. Since compactication on these manifolds preserves very little amount
of supersymmetry, they are also interesting for another reason. Though the string duality
conjectures are now rmly established, there are very few examples where these conjectures
has been tested for D  4 and N < 8 where N is the total number of real supercharges
1
present in the theory.
There are many examples of both compact and non-compact and smooth Riemannian
7-manifolds of G2-holonomy and 8-manifolds of Spin(7)-holonomy manifolds. In this paper
we shall be mainly concerned with compact Riemannian 8-manifold of Spin(7)-holonomy3. A
particular orientifold of compact Riemannian 7-manifold of G2-holonomy also appears in our
work. A large class of compact, Riemannian 7-manifolds of G2-holonomy and 8-manifolds
of Spin(7)-holonomy were constructed by Joyce[23, 24, 25]4. The construction of these
manifolds is easier to understand | Joyce starts with particular 7 or 8 dimensioanl orbifolds
and then the singularities of these orbifolds are blown up using Eguchi-Hanson space[28] to
get a smooth, compact 7- or 8-manifolds5.
In this paper we consider M-theory on a particular smooth, compact Joyce 8-manifold
of Spin(7)-holonomy. We show that if we go to a particular point in the moduli space of
this compacticaton, the same theory can be described as an orientifold of type IIA string
theory compactied on a particular Joyce 7-manifold of G2-holonomy. The motivation for
this work came from the work of several authors. In ref.[8], the authors showed that at a
particular loci of moduli space for M-theory compactied on a compact Joyce 7-manifold of
G2-holonomy admits a description of an orientifold of type IIA string theory compactied
on a Calabi-Yau 3-manifold. In ref.[32], the author established a non-perturbative duality
between M-theory compactied on a Joyce 8-manifold of Spin(7)-holonomy and heterotic
string theory compactied on a Joyce 7-manifold. We shall try to establish that heterotic
string on a smooth Joyce 7-manifold is dual to an orientifold of type IIA on the same Joyce
7-manifold, using two methods | (i) rst, using chain of T- and S-dualities in the orbifold
limit and (ii) second, using the arguments of brewise duality transformation. This is shown
in subsection 5.2. In ref.[7], the author showed, using geometrical arguments, M-theory on a
manifold of Spin(7)-holonomy can be described locally as a type IIA background where D6-
branes are wrapped on supersymmetric 4-cycles of a 7-manifold of G2-holonomy. Although
this author considered non-compact manifolds, here we shall show explicitly that even for
compact cases, D6-branes appear in type IIA description and wrap a supersymmetric 4-cycle
of the Joyce 7-manifold.
The paper is organised as follows. In section 2, we briefly recapitulate the main properties
of compact Joyce 8-manifolds of Spin(7)-holonomy. In section 3, we consider compactica-
3For non-compact Riemannian 7-manifolds of G2-holonomy and 8-manifolds of Spin(7)-holonomy and
string/M-theory dynamics on it, the reader is referred to the refs.[7, 15, 16, 19, 20, 21, 22].
4See also his survey article in ref.[26] and his book in ref.[27].
5For earlier work on string/M-theory on compact Joyce 7- and 8-manifolds, see the refs.[29, 30, 31, 32,
33, 34]. For very recent work on M-theory on Spin(7)-holonomy manifolds, see the ref.[35].
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tion of M-theory on a generic smooth, compact Joyce 8-manifold of Spin(7)-holonomy and
write down the massless spectra obtained in D = 3 in terms of Betti numbers of the man-
ifold. In section 4, we choose the simplest of all compact 8-manifolds of Spin(7)-holonomy
constructed by Joyce by resolving singularities of a particualr orbifold of 8-torus, T 8. Now
the Betti numbers of this smooth Joyce 8-manifold, denoted by J8, can be computed. In sec-
tion 5, we discuss the type IIA orientifold limit of the M-theory compactication discussed in
section 4. We further demonstrate the connection between heterotic string theory on smooth
Joyce 7-manifold considered by Acharya in ref.[32] and the orientifold of type IIA theory on
Joyce 7-manifold we are considering. In section 6, we establish the non-perturbative duality
between M-theory on smooth Joyce 8-manifold of Spin(7)-holonomy and orientifold of type
IIA theory on Joyce 7-manifold, by computing the massless spectra on type IIA side and
showing its agreement with the computation on M-theory side done in sections 3 and 4.
This computation is actually done by going over to an equivalent type IIB description of the
model and in the orbifold limit of the smooth Joyce 7-manifold. Next we go back to type
IIA description and show that this theory contains D6-branes wraped on a supersymmetric
4-cycle inside the compact Joyce 7-manifold. Finally we show that M-theory on the same
compact Joyce 8-manifold of Spin(7)-holonomy admits another orientifold limit of type IIA
theory on Joyce 7-manifold.
2 Review of Compact Spin(7) Holonomy Riemannian
8-Manifolds
In this section we briefly recall few properties of compact Spin(7) holonomy 8-manifolds.
All these materials can be found in the refs.[19, 25, 36](See also the chapter 12 of ref.[37] and
refs.[20, 29, 38, 39]). We start our discussion with the concept of Spin(7) holonomy group.
In Berger’s classication[40] of the possible holonomy groups of a nonsymmetric, irre-
ducible Riemannian manifold, there are two special cases, the exceptional holonomy groups
G2 in 7 dimensions and Spin(7) in 8 dimensions. We restrict our discussion to Spin(7)
holonomy case. We rst discuss the concept of Spin(7)-structure on a 8-manifold6. Let M8
be a compact, Riemannian 8-manifold. Let ! be a special 4-form on M8 which satises the
following 3 properties :
6For more mathematically precise denition, the reader is referred to the refs.[19, 25, 26, 36, 37].
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1. ! is closed as well as co-closed, i.e.
d! = 0 = d? ! (2.1)
2. ! is self-dual i.e.
! = ! (2.2)
where  is the Hodge-star.
3. At each point on M8, the stabilizer of ! is isomorphic to the group Spin(7)  SO(8).
Such a 4-form ! is known as Cayley 4-form. Then by an abuse of notation, M8 is said to
be equipped with a Spin(7)-structure, !. Since Spin(7)  SO(8), ! induces a metric gM8
and an orientation on M8. Using this property of Spin(7) group, ! can be locally written
as follows[36, 25]. We introduce vielbeins feig on a local coordinate chart on M8, which
belongs to the fundamental representation of SO(8)(i = 1,  ,8). In terms of these vielbeins
! can be written as:
! = e1 ^ e2 ^ e5 ^ e6 + e1 ^ e2 ^ e7 ^ e8 + e3 ^ e4 ^ e5 ^ e6 + e3 ^ e4 ^ e7 ^ e8
+ e1 ^ e3 ^ e5 ^ e7 − e1 ^ e3 ^ e6 ^ e8 − e2 ^ e4 ^ e5 ^ e7 + e2 ^ e4 ^ e6 ^ e8
− e1 ^ e4 ^ e5 ^ e8 − e1 ^ e4 ^ e6 ^ e7 − e2 ^ e3 ^ e5 ^ e8 − e2 ^ e3 ^ e6 ^ e7
+ e1 ^ e2 ^ e3 ^ e4 + e5 ^ e6 ^ e7 ^ e8 (2.3)
It is easy to check that this local form of ! satises the properties given in eqs.(2.1) and
(2.2). From the denition of Spin(7) group, it also follows that g  ! = !, 8 g 2 Spin(7):7
Now we discuss the condition under which M8 becomes a Spin(7)-holonomy manifold.
Let r be the Levi-Civita connection on M8. Then r! is called the torsion of ! and ! is
said to be torsion-free if
r! = 0 (2.4)
It turns out that eq.(2.4) is satised if and only if eq.(2.1) holds. The necessary and sucient
condition for the holonomy group Hol(gM8) of gM8 to be contained in Spin(7) is that !
should be torsion-free. Hol(gM8) may be a proper subgroup of Spin(7) itself. The necessary
and sucient condition for Hol(gM8) = Spin(7) comes from another topological invariant,
Â-genus, denoted as Â(M8) of M8. It is given by
24Â(M8) = −1 + b1 − b2 + b3 + b4+ − 2b4− (2.5)
7Note that the volume form of M8 viz. !^! gives a natural orientation on M8; the metric on M8, gM8
is given in terms of vielbeins by
∑
i
ei ⊗ ei. It can also be proven that M8 is a spin manifold[25].
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and b4 are the dimen-
sions of the spaces of self-dual(anti-self-dual) 4-forms in H4(M8;R). It can be shown that8
Â(M8) can be either 1, 2, 3 or 4. However[25]
Hol(gM8) = Spin(7) ; i Â(M8) = 1 (2.6)
For all other values of Â(M8), Hol(gM8) is a proper subgroup of Spin(7):9 So if eq.(2.5)
holds, M8 is a compact, Riemannian Spin(7)-holonomy 8-manifold. It also turns out that
M8 is simply connected i.e. b1(M8) = 0. Note that, eq.(2.6) further tells that geometrically
only 3(not 4) topological numbers of M8 are independent.
Thus we learn that for M8 to be a Spin(7)-holonomy compact 8-manifold, the Cayley 4-
form ! dened on it should satisfy eq.(2.4); in other words, it must be covariantly constant10.
Now we can use the natural isomorphism between space of forms and the tensor product
of Γ-matrices of Cliord algebra to show that the Cayley 4-form on M8 is related to a
Majorana-Weyl spinor 11 . In terms of components, we have :
!γ = 
T Γγ  (2.7)
As ! is covariantly constant on M8, so also is . So we have a unique covariantly constant
spinor12 on M8 which will provide upon compactication with one space-time supersymme-
try. Existence of  also automatically shows that M8 is Ricci-flat[37].
In ref.[25], Joyce constructed compact, smooth, Spin(7)-holonomy Riemannian 8-folds
by blowing up the orbifold T 8=Γ. Here T 8 is the 8-torus which comes with a flat Spin(7)-
structure, !0 and Γ is some nite group of isometry of T
8. Depending upon the nature of
the singularities the resolution dier and sometimes it may not be unique[25]. This will
be discussed in section 4. More details can be found in Joyce’s paper[25]. The particular
resolution | in fact the simplest one | of T 8=Γ which we shall use in our paper, will be
called Joyce 8-manifold and denoted by J8.
8For a spin manifold like M8, Â(M8) is always an integer.
9The list of all such holonomy groups for all other values of Â(M8) can be found in ref.[25].
10Compare this condition with Calabi-Yau n-fold. A Calabi-Yau n-fold is a Ricci-flat, compact Ka¨hler
manifold of SU(n)-holonomy which is equipped with a unique, nonvanishing holomorphic covariantly con-
stant n-form(and its conjugate).
11In 8 dimensions  can be chosen to be Majorana-Weyl.
12Existence of this unique covariantly constant spinor  or a unique zero mode of the Dirac operator onM8
is actually responsible for the constraint eq.(2.5) amongst the Betti numbers ofM8 via index theorem[29, 41].
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3 M-Theory on Compact 8-manifold of Spin(7)-holonomy
and D = 3, N = 1 Bosonic Spectra
In this section we consider compactication of M-theory on a smooth, compact Riemannian
manifold of Spin(7)-holonomy with large volume, so that we can rely upon supergravity
description. Notice that at low energies(or long-wavelength) we can use eleven dimensional
supergravity approximation to M-theory. The compactication of eleven dimensional su-
pergravity theory on smooth, compact 8-manidolds of Spin(7)-holonomy was considered in
ref.[30]. It leads to an eective three dimensional supergravity theory with N = 1 super-
symmetry. The bosonic part of massless spectra of N = 1, D = 11 supergravity contains
graviton, GMN(M , N = 1,    ,11) and a 3-form, A(3)MNP .13The non-vanishing Betti num-
bers of Spin(7)-holonomy Joyce manifolds are b2, b3, b4+ and b
4
−. Moreover, the dimension
of the moduli space of metric deformation of a Spin(7)-holonomy Joyce manifold, M8 is
(b4− + 1)[20, 25]. Thus the bosonic part of the massless spectra of the eective theory in
D = 3 with N = 1 supersymmetry can be determined in the following way: from the 11-
dimensioanl metric, GMN we get a 3-dimensional graviton, g(,  = 1,2,3) and (b
4
− + 1)






Aa ⊗ amn +
b3(J8)∑
i=1
Si ⊗ Ωimnp ;
where famng form a basis of H2(J8;R) and fΩimnpg form a basis of H3(J8;R). Thus A(3)MNP
on J8 gives b
2 vectors or b2 scalars14, S˜a; a = 1,   ,b2 and b3 scalars, Si; i = 1,    ,b3. The
bosonic part of the N =1, D = 3 spectra obtained by compactifying M-theory on a large,
smooth Spin(7)-holonomy Joyce 8-fold consists of[30] one supergravity multiplet coupled to
(b2 + b3 + b4− + 1) scalar multiplets.
13Our notations and conventions for indices are as follows. We use indices M , N , P ,    for 11-dimensional
M-theory. Greek indices like ,  etc. have been used for 10-dimenisonal type IIA or IIB theory. We use
the indices ,  for efective 3-dimensional theories.
14In D = 3, a vector is dual to a scalar.
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4 A Particular Example of Spin(7) Holonomy Joyce 8-
Manifold and Its Orbifold Limit
In ref.[25], Joyce constructed many Spin(7)-holonomy 8-manifolds as blown up orbifolds of
8-torus, T 8. Following Joyce[25], let us start with T 8 and label its coordinates by (x1;    ; x8).
Next one has to mod it out by the following groups of isometry, Γ = (Z2)
4 = h; ; γ; i =
h; i[25] 15. The nite group of isometry so chosen, Γ preserves the flat Spin(7)-structure
on T 8[25]. Let us now write down the elements of Γ :
((x1;    ; x8)) = (−x1;−x2;−x3;−x4; x5; x6; x7; x8)
((x1;    ; x8)) = (x1; x2; x3; x4;−x5;−x6;−x7;−x8)
γ((x1;    ; x8)) = (c1 − x1; c2 − x2; x3; x4; c5 − x5; c6 − x6; x7; x8)
((x1;    ; x8)) = (d1 − x1; x2; d3 − x3; x4; d5 − x5; x6; d7 − x7; x8) ; (4.1)
where fcig = either 0 or 12 ; fdjg = either 0 or 12 8 i, j. It was shown that[25] specic values
of the sets (c1; c2; c5; c6) and (d1; d3; d5; d7) gives rise to 5 types of singularities. We denote
these types of singularities as Type(i){(v). If one blows up these singularities, one gets a
smooth, compact Spin(7)-holonomy Joyce 8-manifold. Each of these ve types of blow ups
contribute dierent numbers of massless scalars for the M-theory compactication16. Out of
ve only three types of singularities admit unique resolution. Their contribution to the Betti
numbers are as follows[25] :
Type(i): Adds 1 to b2, 4 to b3, 3 each to b4+ and b
4
−.
Type(ii): Adds 1 to b2, 3 each to b4+ and b
4
−.
Type(iii): Adds 1 to b4+.
Each of the other two types of singularities does not admit unique resolution; each of
them gives rise two toplogically distinct resolutions, viz.
Type(iv) { Resolution A : Adds 1 each to b2, b4+ and b
4
− and 2 to b
3.
Type(iv) { Resolution B : Adds 2 to b3 and 3 each to b4+ and b
4
−.
15There exists more general class of Spin(7)-holonomy Joyce 8-orbifolds, viz. T 8=Z2n. Here 4 out of n Z2
generators acts non-freely and each reduce the supersymmetry by 12 . The remaining (n − 4) generators act
freely and preserve supersymmetry. Let N = # susy which remains intact after compactication on T 8; e.g.
for M-theory compactied on T 8, N = 16 in D = 3. For M-theory on T 8=Z24, we have N = 16=24 = 1 in
D = 3.
16These massless scalars are precisely the massless states of various \twisted sectors" of M-thoery com-
pactication on the orbifold T 8=Γ.
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Type(v) { Resolution A : Adds 1 each to b2, b4+ and b
4
−.
Type(v) { Resolution B : Adds 2 each to b4+ and b
4
−.
If one chose the sets (c1; c2; c5; c6) and (d1; d3; d5; d7) judiciously, one can avoid the sin-
gularities of types (iv) and (v) in T 8=Γ. In this paper we shall choose such values of these
constants that gives rise to unique blow ups for T 8=Γ. The simplest choice is[25] :






















Then the nite group of Γ = h; ; γ;  i is given by:
((x1;    ; x8)) = (−x1;−x2;−x3;−x4; x5; x6; x7; x8)
((x1;    ; x8)) = (x1; x2; x3; x4;−x5;−x6;−x7;−x8)








− x6; x7; x8)
((x1;    ; x8)) = (−x1; x2; 1
2
− x3; x4; 1
2
− x5; x6; 1
2
− x7; x8) (4.3)
It has been shown by Joyce that in this case the singular sets of T 8=Γ consists of four
singularities of type (i), eight singularities of type (ii) and sixty four singularities of type
(iii). Blowing up all these singularities, we get a smooth, compact Spin(7)-holonomy Joyce
8-manifold J8 with
17
b2(J8) = 12; b
3(J8) = 16; b
4
−(J8) = 43; b
4
+(J8) = 107; (4.5)
and we shall denote such Joyce 8-manifold as J8(12; 16; 43; 107). Hence M-theory on smooth
J8(12; 16; 43; 107) gives an eective N = 1 theory in D = 3 which consists of 1 supergravity
multiplet coupled to (12 + 16 + 43 + 1) = 72 scalar multiplets(See also the ref.[32]).
5 IIA Orientifold Limits
In this section we show that M-theory on J8(12; 16; 43; 107) has at least two dierent type IIA
orientifold limits in its moduli space. These dierent orientifold limits might be connected
to each other by string dualities.
17Note if (c1; c2) 6= (0; 0), (c5; c6) 6= (0; 0), (d1; d3) 6= (0; 0), (d5; d7) 6= (0; 0) and (c1; c5) 6= (d1; d5), then
b1(T 8=Γ) = b2(T 8=Γ) = b3(T 8=Γ) = 0
b4+(T
8=Γ) = b4−(T
8=Γ) = 7 ; (4.4)
and T 8=Γ is also simply connected. In fact the only constant p-forms which are invariant under Γ are 14
4-forms appearing in eq.(2.3).
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5.1 First Orientifold Limit
We start our discussion by taking x4 to be the \M-circle" or the compact eleventh dimension
and let its radius, r4 be small. As the string coupling, gstr  r3=24 , it implies that we can
use type IIA decription for M-theory compactied on J8(12; 16; 43; 107). Thus with r4 small,
we can say that M-theory on T 8 is dual to type IIA theory T 7, where the coordinates on
the T 7 are (x1; x2; x3; x5; x6; x7; x8). Let , γ and  be the images of , γ and  when
the action of the latter are restricted to T 7. They form a group and will be denoted as
 = h ; γ;  i. Note that none of , γ and  acts on the M-circle18 x4. At this point we
relabel the coordinates on T 7 as follows :
Let yj = x4+ j; 8j = 1; 2; 3; 4
y4+ i = xi; 8i = 1; 2; 3
and M-circle x4 = y10 (5.1)
and noncomopact coordinates are relabelled as :
y8 = x10; y9 = x9; y0 = x0 (5.2)
Now we shall specify the action of the group elements of  on the coordinates of T 7. From
eqs.(4.1) and (4.2), we nd that
((y1;    ; y7)) = (−y1;−y2;−y3;−y4; y5; y6; y7)









((y1;    ; y7)) = (1
2
− y1; y2; 1
2
− y3; y4;−y5; y6; 1
2
− y7) (5.3)
It implies that19 M-theory on T 8=h ; γ;  i with r4 small is dual to type IIA theory on
T 7=h ; γ;  i = T 7=. One can now the following question: what is the orbifold T 7= ?
It is actually the orbifold limit of a smooth Joyce 7-fold, J7(b
2; b3) of G2-holonomy
20[23, 24].
18Note that at this stage, we are not considering M-theory on T 8=Γ but M-theory on T 8=h; γ;  i which
preserves 32=23 = 4 supercharges, giving rise to N = 2 supersymmetries in D = 3. So type IIA theory on
T 7= gives N = 2 supersymmetriesin D = 3.
19this is just an intermediate step.
20This is a generalised version of what Joyce discussed in his papers on G2-holonomy 7-manifold[23, 24].
He took a Z23 orbifold of T 7, where the 3 Z2 generators are given as :

(
(x1;    ; x7)
)
= (−x1;−x2;−x3;−x4; x5; x6; x7)

(
(x,    ; x7)
)
= (b1 − x1; b2 − x2; x3; x4;−x5;−x6; x7)
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To see this, we rst have to analyze the singular sets of xed points, S of T 7=. It was
shown by Joyce[23, 24] that S consists of 12 copies of T 3 and the neighbourhood of each
of these singular submanifolds looks like T 3 ⊗ B4 =Z2, where B4 is a 4-dimensional ball
with radius  and Z2 acts on it by inversion of all of its four coordinates. This orbifold is
blown up by replacing each of B4 =Z2 by a suitable Eguchi-Hanson space[28]. This operation
changes the Betti numbers in the following way: it adds 1 to b2 and 3 to b3 for each singular
copy[23, 24]. Then the orbifold T 7= is blown up to a smooth Joyce 7-fold of G2-holonomy,
J7(b
2; b3). Since
b1(T 7=) = b2(T 7=) = 0; b3(T 7=) = b4(T 7=) = 7 ; (5.5)
Thus[23, 24]
b2(J7) = 12; b
3(J7) = 43 (5.6)
We now further mod out T 8 by the nite group of isometry  on M-theory side. This
leads to M-theory on T 8=h;  i = T 8=Γ, where  = h ; γ;  i. Let’s consider the action of
 on the coordinates of T 8 which in turn gives the action of  on the coordinates of T 7 and
on the M-circle y10 = x4 :
((x1;    ; x8)) = (−x1;−x2;−x3;−x4; x5; x6; x7; x8)
((y1;    ; y7)) = (y1; y2; y3; y4;−y5;−y6;−y7;−y8)
((y10)) = −y10 (5.7)
It inverts 3 coordinates(x1, x2, x3) of T 8 and also the M-circle, x4. In IIA language it
corresponds to[44, 43]  = (−1)FL  Ω  R3, where (−1)FL is the image of the inversion of
the M-circle and the factor Ω  R3 is the image of the inversion of the 3 coordinates of T 8, in
type IIA theory21. If we blow up the orbifold T 8=Γ as done by Joyce[25] and with the orbifold
group Γ is as given in eq.(4.3), we get M-theory on the smooth Spin(7)-holonomy Joyce 8-
manifold J8(12; 16; 43; 107). According to our ansatz, if we take r4 to be small, this has a
dual description in terms of type IIA theory on the orientifold of the smooth G2-holonomy
Joyce 7-fold J7(12; 43), where the orientifold group is Ω  (−1)FL  R3. We shall try to verify
γ
(
(x,    ; x7)
)
= (c1 − x1;−x2; c3 − x3; x4;−x5; x6;−x7) (5.4)
where the constants, bi and cj take values either 0 or 12 . The most general such orbifold can have translations
along any of the inverted directions for each generator. So we need to specify four constants for each generator
and there exists 16 posible choices for each generator. This leads to huge number of possibilities. Howeer,
string theory on these dierent backgrounds might not be totally independent. See ref.[33] for further
discussion.
21Here Ω is the worldsheet parity transformation and R3 denotes inversion of three coordinates of T 7.
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this claim by counting and matching the massless spectra on both sides; on M-theory side
we have already computed the massless spectra in section 4. In the next section we compute
the massless spectra on type IIA side on this particular orientifold background. Before going
into this computation, following ref.[33] we now introduce a new notation Ilmnp l where
Ilmnp denotes inversion of the coordinates (yl; ym; yn; yp) and l denotes half-shifts along the
coordiante yl. Thus for example,
R3 = I567;  = I1234; γ = I1256 1 2 5 6;  = I1357 1 3 7 (5.8)
Also Tmnp will denote T-dualities along ym, yn, yp;   . Thus according to this new notation,
for example, the orbifold limit of the Joyce 7-manifold J7(12; 43) on which type IIA theory is
to be compactied, will be denoted as T 7=
(
I1234; I1256 1 2 5 6; I1357 1 3 7; (−1)FL 
Ω  I567
)
, which earlier was denoted as T 7=h ; γ;  i.
5.2 Arguments in Favour of the Proposed Duality
If the above-mentioned duality conjecture is true viz. for r4 small, M-theory on smooth
J8(12; 16; 43; 107) is dual to type IIA theory on the orientifold of J7(12; 43), we can verify
it at the level of massless spectrum. Since these backgrounds give rise to very low amount
of supersymmetries viz. N = 1 supersymmetry in D = 3 or, in other words, only two real
supercharges, there do not exist any powerful non-renormalization theorems which otherwise
would be able to protect the result obtained at weak type IIA coupling(gIIA ! 0) and
extrapolate it to strong coupling(gIIA ! 1). Nonetheless, we shall give two arguments in
favour of this duality.
 First Argument :
Suppose we consider type IIA theory on the Joyce 7-manifold J7(12; 43) in its orbifold
limit and let gIIA ! 1. Now use the following chain of dualities :
Type IIA on T 7=
(
I1234; I1256 1 2 5 6; I1357 1 3 7;
(−1)FL  Ω  I567
)
with gIIA ! 1
T567−! Type IIB on T˜ 7=
(
I1234; I1256 1 2 5 6 ((−1)FL)2;
I1357 1 3 7 ((−1)FL)2; Ω
)
= Type IIB on T˜ 7=
(
I1234; I1256 1 2 ̂5 ̂6; I1357 1 3 ̂7; Ω
)
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= Type I theory on T˜ 7=
(
I1234; I1256 1 2 ̂5 ̂6; I1357 1 3 ̂7
)
S−! Heterotic on T˜ 7=
(
I1234; I1256 1 2 ̂5 ̂6; I1357 1 3 ̂7
)
with ghet ! 0
T567−! Heterotic on T 7=
(
I1234; I1256 1 2 5 6; I1357 1 3 7
)
with ghet ! 0 ;(5.9)
where T˜ 7 denotes T -dual of the original 7-torus, T 7, ̂i denotes winding shifts correspond-
ing to the coordinate yi(i = 5, 6, 7), T567 denote T-dualities along the coordinates y5, y6
and y7 and S is the S-duality map between ten dimensioanl type I theory and heterotic
Spin(32)=Z2 theory. Now we use a known result due to Acharya[32]. He showed that the
heterotic string on J7(12; 43) is dual to M-theory on J8(12; 16; 43; 107). Now look at the last
step of eq.(5.9). The singular 7-manifold on which the heterotic string is compactied is
nothing but the orbifold limit of the smooth Joyce 7-fold J7(12; 43) of G2-holonomy. Com-
bining his result with the above chain of dualities given in eq.(5.9), we get a support for our
conjectured dual relationship between M-theory on J8(12; 16; 43; 107) and type IIA theory
on the particular orientifold of J7(12; 43).
 Second Argument :
We shall give another argument in favour of this conjectured duality using the concept
of brewise duality transformation. Joyce 7-manifolds admit various types of brations[42];
for example, the manifold under discussion viz. J7(12; 43) admits a T
4 bration over a
particular base 3-manifold, say, M3. Let’s consider heterotic theory on the bre T 4. We use
the ten dimensional strong-weak duality between heterotic Spin(32)=Z2 and type I SO(32)
theories. Using the concept of brewise dualitiy transformation, this leads to type I theory
on a manifold K where K admits T 4 bration over a base M3; see g. 1. Note that type I
theory in ten dimensions can be regarded as type IIB theory in ten dimensions modded out
by Ω. Now we make R ! (1=R) duality transformation on three of the four circles of the
bre T 4(See the g. 1). This takes type IIB theory to type IIA theory. So starting from
heterotic string theory on smooth Joyce 7-fold J7(12; 43) which admits T
4 bration and using
the concept of brewise duality transformation, we get type IIA theory on the manifold K˜
where K˜ is an orientifold of J7(12; 43) and the orientifold group is h = Ω  (−1)FL  R3.
To verify this duality relation, in the next section, we compute the massless spectrum of
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Figure 1: Fibrewise Duality Transformation for going over from Heterotic string theory
on smooth Joyce 7-manifold of G2-holonomy to type IIA theory on an orientifold of Joyce
7-manifold. We have used the fact that the Joyce 7-manifold admits a T 4 fibration.
6 Calculation of Massless Spectra of Type IIA theory
on the Orientifold of J7(12; 43)
In this section, we compute the spectrum of type IIA theory on the orientifold of J7(12; 43)
by going to the orbifold limit of J7((12; 43). The orbifold of the Joyce 7-manifold J7(12; 43)
is given by T 7=
(
I1234; I1256 1 2 5 6; I1357 1 3 7; (−1)FL  Ω  I567
)
. As usual,
there will be contribution from the untwisted and twisted sectors. We are considering type
IIA theory on T 7=h; h i and the massless spectrum in the untwisted sector is determined
by projecting the massless spectrum of 10 dimensional type IIA theory onto  invariant
subspace of the full Hilbert space and then projecting these states further onto h-invariant
states. The computation in both untwisted and twisted sectors are easier if we go over to
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type IIB description using T-duality22. Performing T -duality along y1, we nd23
Type IIA on T 7=
(
I1234; I1256 1 2 5 6; I1357 1 3 7;
(−1)FL  Ω  I567
)
T1−! Type IIB on T̂ 7=
(
I1234 (−1)FL; I1256 ̂1 2 5 6 (−1)FL
I1357 ̂1 3 7 (−1)FL ; Ω  I1567
)
(6.1)
where ̂1 is the winding shift along y1 as before and T̂ 7 denotes that this 7-torus is T -dual
to the original one. Henceforth we shall omit the hat on T 7.
Untwisted Sector
The spectrum of the untwisted sector of the type IIB theory on the particular background
given in eq.(6.1) can be calculated in two steps. In the rst step we compute the spectrum
of type IIB on the orbifold J7 i.e. T
7=
(
I1234 (−1)FL; I1256 ̂1 2 5 6 (−1)FL;
I1357 ̂1 3 7 (−1)FL
) = T 7=̂, where ̂ is the image24 of  under T1. This can be easily
determined if we know the projection rules of the massless spectrum of 10 dimensional type
IIB theory under various Z2 operators appearing in eq.(6.1). The massless bosonic states of
the type IIB theory in D = 10 consists of a gravtion, g , a 2-form, B and a scalar(dilaton),
’ from the NSNS sector and a scalar, a, another 2-form B0 and a 4-form, C(with self-
dual 5-form eld strength) from the RR sector(,  = 0; 1;    ; 9). If we project these states
onto ̂-invariant subspace, in D = 3 we get 1 vector from the RR 2-form and 15 scalars
altogether | 8 from the NSNS sector and 7 from the RR sector25. Notice that the ̂
projection preserves 1/8th. of supersymmetries of type IIB theory thus giving rise to N = 2
supersymmetries in D = 3. Since a vector supermultiplet of N = 2, D = 3 vacuum consists
of 1 vector, 1 scalar and corresponding fermionic superpartners and a scalar supermultiplet
of N = 2, D = 3 vacuum consists of 2 scalars and their fermionic superpartners, then the
untwisted sector of type IIB on T 7=̂ gives rise to 1 vector multiplet coupled to 7 scalar
multiplets of N = 2 supersymmetries in D = 3. In the next step we project this spectrum
onto Ω  I1567-invariant sector. This projection further breaks half of the supersymmetries
giving rise to N = 1 in D = 3, as expected. It is easy to determine the Ω  I1567 projection
rules for these states : the vector and all the 7 scalars from the RR sector do not survive this
22The spectrum of massless states does not change under T-duality.
23Similar T -duality was used in ref.[33].
24Similarly the images of , γ,  and h under T1 are ̂, γ̂, ̂ and ĥ respectively.
25The 3 dimensional gravtion, gµ¯ν¯ , antisymmetric 2-forms bµ¯ν¯ , b0¯µν¯ and their fermionic superpartners
obtained in this reduction are all nondynamical.
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projection; on the other hand all the 8 scalars from NSNS sector is even under Ω  I1567 and
hence survive this projection. So at the end of the day we nd that the untwisted sector of
type IIB theory on T 7=(̂; ΩI1567) consists of 8 scalar multiplets of N =1, D = 3 vacuum26.
Twisted Sectors
The twisted sector states appear at the various xed points of the generators of the group
h ̂; Ω  I1567 i. So rst let us determine the the set of generators which act non-freely on
T 7. This set is comprised of the following 5 elements :
1. ̂ = I1234  (−1)FL,
2. γ̂ = I1256 ̂1 2 5 6  (−1)FL,
3. ̂ = I1357 ̂1 3 7  (−1)FL,
4. ĥ = Ω  I1567(Image of h under T1) and
5. ̂  ĥ = Ω  (−1)FL  I234567.
The xed point manifolds of each of these elements are actually 3-torus, T 3 in T 7. Now let
us discuss the twisted sector states corresponding to each these 5 elements one by one.
If we look at the above list of Z2 operators which produce xed points, we see that the
rst three of them have one feature in common | one of the factors of these operators is of
the form Ipqrs  (−1)FL for some p 6= q 6= r 6= s. The \twisted" sector states of such an
operator in type IIB theory consist of NS5-branes[45]. Let’s count the number of xed points
also : ̂ produces 16 xed points whereas γ̂ and ̂ produce 8 each27. We must make sure
that we are counting these numbers on the quotient space not on its any n-fold cover(n > 1).
We notice that the group hγ̂; ̂i acts freely on the sets of xed points of ̂, ĥ and ̂  ĥ
whereas the groups h̂; ĥ; ̂i and h̂; ĥ; γ̂i act freely on the sets of xed points of γ̂ and
̂ respectively. So on the quotient space T 7=̂, the set of xed points of ̂ contribute 16/4
= 4 NS5-branes and each set of xed points of γ̂ and ̂ contribute only 8/8 = 1 NS5-brane.
Each such NS5-brane wrap dierent xed 3-tori and hence appears to be membrane in 3
dimensions. Henceforth we call such a membrane as NS-membrane. The massless modes on
26Each scalar multiplet of N = 1 supersymmetry in D = 3 consists of a scalar and its fermionic super-
partner. Since a vector in D = 3 is magnetic dual to a scalar, we need not distinguish between the vector
and scalar supermultiplets in D = 3.
27Due to presence of the winding shift ̂1, the number of xed points of each of γ̂ and ̂ are reduced by
half compared to those of ̂.
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an NS5-brane of type IIB theory consists of a vector and four scalar supermultiplets of D
= 6, N = (1,1) supersymmetries. Since the vector of this vector supermultiplet gives rise
to 3 scalars upon reduction on T 3, thus each NS-membrane carries 1 vector and 7 scalar
supermultiplets of N = 1 supersymmetries in D = 3 on its worldvoume. But this is not the
end of the story. Notice that ĥ = Ω  I1567 xes the set of xed points of both ̂ and ̂  ĥ.
So there will be further appropriate projection of the Z2 operator Ω  I1567 on the massless
modes of the NS5-branes(or NS-membranes from three dimensional point of view) located
at th xed points of ̂ and on the massless modes of the D3-branes(or D-membranes from
three dimensional point of view) located at the xed points of ̂  ĥ = Ω  (−1)FL  I234567.
Since ĥ acts freely, as mentioned earlier, on the set of xed points of both γ̂ and ̂, there is
no further projection on the massless modes living on the worldvolume of the NS-membranes
located at the xed points of γ̂ and ̂. The worldvolume directions of the NS-membranes
located at the xed points of γ̂ and ̂ are (034789) and (024689) respectively. There are 2
such NS-membranes and each of them gives rise to 8 scalar supermultiplets(after dualizing
the vector) in 3 dimensions. Thus NS-membranes located at the xed points of γ̂ and ̂
contribute 16 scalar supermultiplets of N = 1 supersymmetry in D = 3.
Before counting massless states appearing from twisted sectors of other xed points, we
look at the geometry of these branes located at these various xed points. These branes
intersect amongst themselves and counting of massless states bocomes easier if we have a
picture of this intersecting geometry. As we already mentioned, we have 4 NS-membranes
at the location of the xed points of ̂ and 4 D3-branes at the location of the xed points
of ̂  ĥ. Notice that we have 16 O3−-planes at the xed points of ̂  ĥ; the D3-branes
are introduced to cancel the RR charge carried by these O3−-planes28. The worldvolume
directions of the NS-membranes and D3-branes/O3-planes are (056789) and (0189) respec-
tively. Similarly at the location of the xed points of ĥ = Ω  I1567, we have 4 O5−-planes
and 4 D5-branes; the D5-branes are introduced to cancel RR charge carried by the O5−-
planes29. Their common worldvolume directions are (023489). These NS-membranes, D3-
and D5-branes, O3- and O5-planes intersect as shown in g. 2. The common directions of
their worldvolume are the noncompact directions y0, y8 and y9. The scalars which corre-
spond to the motion along the transverse coordinate y1 of the four NS-membranes located
at the xed points of ̂, are odd under ĥ-projection. Geometrically it implies that each of
these NS-membranes is stuck to O5-planes but can move inside this O5-planes. This agrees
with the argument given in ref.[46]. Recall that there exists a vector supermultiplet on the
28Each O3−-plane carries (−1/4th.) unit of D3-brane charge on the quotient space. Henceforth all the
charges of D-branes or Op-planes will be measured on the quotient space.




































Figure 2: Various branes located at different fixed points of different “twisted sectors” and
their intersecting geometry. In fig. 2(a) we have shown the NS5-branes(green coloured)
located at the fixed points of ̂ and D3-branes plus O3-planes(blue coloured) located at the
fixed points of ̂  ĥ. Fig. 2(b) shows the intersecting geometry of these D3-branes plus
O3-planes and D5-branes plus O5-planes(magenta coloured). The NS5-branes located at the
fixed points of γ̂ and ̂ have not been shown in the picture.
worldvolume of an NS5-brane of 10 dimensional type IIB theory. The vector boson of this
multiplet which we denote by v( = 0;    ; 9) gives rise to 3 additional scalars in D = 3.
They are basically the components of this vector boson along the compact directions y5,
y6 and y7 which the NS5-branes of g. 2 wrap. The components of v along noncompact
directions y0, y8 and y9 gives rise to a vector, v¯( = 0; 8; 9) in D = 3. Since ĥ = Ω  I1567
xes the set of xed points of ̂, we need to determine the projection rules of Ω  I1567 on
various components of v. The low-energy eective action of the massless modes of type IIB
NS5-brane includes a term[47] ∫
M6
P[C(4)] ^ F ; (6.2)
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where
F = dv + 1
20
C(2) (6.3)
Here C(2) and C(4) are RR 2-form and 4-form elds of type IIB theory respectively, P[C(4)]
denotes the pullback of the 4-form potential C(4) on the worldvolume of NS5-brane and M6
denotes the worldvolume of an NS5-brane. From eq.(6.2), we can easily nd that v5, v6,
v7 are odd whereas the components v0, v8 and v9 are even under Ω  I1567. Thus all of the
four NS-membranes at the xed points of ̂ contributes 4 vector supermultiplets or after
dualizing the vector, 4 scalar supermultiplets in D = 3.
We turn to the \twisted sector" states located at the xed points of ̂  ĥ. As already
mentioned, such xed points on the quotient space give rise to 16 O3-planes and 4 D3-branes
wrapped along y1. So these D3-branes appear to be D-membranes in 3 dimensions. These
D3-branes cut O5-planes stretched along (023489) directions, orthogonally. This implies that
there will be further projection on the massless elds living on D3-branes’ worldvolume. In
fact this can be understood as follows: since ĥ xes these set of xed points, we need to
project the massless states living on the worldvolume of D3-branes onto Ω  I1567-invariant
sector. The bosonic contents of massless elds living on such a D3-brane from 3 dimensional
point of view are 6 transverse scalars, y2, y3, y4, y5, y6 and y7, the component of the
vector along compact worldvolume direction y1 which is counted as a scalar in D = 3 and
denoted as A˜1 and a vector, A˜¯;  = 0; 8; 9. The 3 dimensional vector A˜¯ and 3 transverse
scalars corresponding to the movement along y5, y6 and y7 can be shown to be odd under
Ω  I1567. Geometrically it implies that the D3-branes are stuck to the O5-planes. The
scalars corresponding to the movement along y2, y3 and y4 and A˜1 are even under Ω  I1567
projection. So nally the D3-branes located at the xed points of ̂  ĥ contribute 4 4 =
16 scalar supermultiplets of N = 1 supersymmetry in D = 3.
The \twisted sector" states corresponding to the element ĥ = Ω  I1567 consists of 4 O5−-
planes and 4 D5-branes on the quotient space, wrapping the directions y2, y3 and y4 of the
orbifold. The common worldvolume directions of O5-planes and D5-branes are (023489) as
shown in g. 2. From the 3-dimensional point of view, these D5-branes are D-membranes.
The bosonic contents of the massless elds living on such a D5-brane or D-membrane from
three dimensional point of view, consists of 4 transverse scalars : y1, y5, y6 and y7, three
massless scalars A2, A3 and A4 corresponding to the components of the vector on a D5-brane
along the compact coordinates y2, y3 and y4 respectively and a three dimensional vector, A¯;
 = 0; 8; 9. Now notice that ̂ = I1234  (−1)FL xes the set of xed points of ĥ = Ω  I1567.
Hence there will be further projection due to ̂ on the massless modes of D5-branes located
at the xed points of ĥ. The transverse scalars y5, y6 and y7 and the three dinmensional
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vector A¯ turn out to be even under I1234  (−1)FL . The massless scalars A2, A3 and A4 and
the transverse scalar y1 are I1234  (−1)FL odd. Thus after dualizing the vector to a scalar,
the D5-branes located at the xed points of ĥ contribute 4  4 = 16 scalar supermultiplets
in D = 3 of N = 1 vacuum.
Summing up the contribution of all ve \twisted sectors", we nd that they contribute
a total of 4  16 = 64 scalar supermultiplets of N = 1 supersymmetry in D = 3. If we
add up the contribution of the untwisted and twisted sectors, we see that massless spectra of
type IIB on the particular orbifold under consideration consists of one supergravity multiplet
coupled to (8 + 64) = 72 scalar multiplets of N = 1 supersymmetry in D = 3. As T -duality
does not change the massless spectra, we make an inverse T -duality(T −11 ) along y1 to go
back to the type IIA background T 7=(; h) we started with. So the massless spectra of
type IIA theory on T 7=(; h) consists of one supergravity multiplet coupled to 72 scalar
multiplets of N = 1 supersymmetry in D = 3. Since T 7=(; h) is actually an orientifold of
smooth Joyce 7-manifold J7(12; 43) in the orbifold limit, this result agrees with the result of
compactication of M-theory on the smooth Joyce 8-fold, J8 derived in section 4. Agreement
of the massless spectra gives a support in favour of our strong-weak duality conjecture.
6.1 Appearance of D6-branes in IIA Description
According to ref.[7], if D6-branes of type IIA theory wraps a supersymmetric 4-cycle of a
G2-holonomy 7-manifold, its lift to M-theory is locally described by M-theory on a smooth
8-manifold of Spin(7)-holonomy. In this paper we are considering M-theory on a smooth
Spin(7)-holonomy Joyce 8-manifold and nd that at some particular point in its moduli
space, it can be described as an orientifold of type IIA on smooth Joyce 7-manifold of G2-
holonomy. Naturally one might ask the following question: where are the D6-branes in type
IIA description? What kind of 4-cycles do they wrap? The answer to the rst question is:
yes, the D6-branes are indeed present in type IIA description. Note that in the equivalent
type IIB description as discussed in the last section, we have found in one of the \twisted
sectors", D5-branes wrapping certain three cycles of the orbifold. As we perform an inverse
T -duality along y1 to get back to the type IIA description, they become D6-branes wrapped
on certain 4-cycles which in the orbifold limit are represented as T 4=Z2. Once we blow up the
orbifold T 7= to get the smooth Joyce 7-manifold J7(12; 43), these D6-branes actually wrap
a supersymmetric coassociative 4-cycle30, N 2 J7(12; 43). Notice that these coassociative
4-cycles are not rigid, as the D6-branes wrapped on it have 3 moduli corresponding to their
30Here N is a K3 surface.
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movement along the compact directions y5, y6 and y7.31
6.2 Second Orientifold Limit
In this section, we briefly mention that M-theory on the particular Spin(7)-holonomy Joyce
8-manifold J8(12; 16; 43; 107) at some particular point in its moduli space admits another
type IIA description on some orientifold of smooth Joyce 7-fold of G2-holonomy. This time
we let x8 be the \M-circle" and r8 be small; in other words, gstr  r3=28 is also small.. Note
that none of , γ and  of eq.(4.3) acts on x8. So if we let ̂, γ̂ and ̂ be the action of , γ and
 restricted to T 7, then we can show that T 7/(̂, γ̂, ̂) = T 7/̂ is a Joyce 7-fold orbifold and
it has a unique resolution to a smooth Joyce 7-fold J7 with b
2(J7) = 12, b
3(J7) = 43. One
can show that in a similar fashion that the non-identity elements of ̂ which act non-freely
on T 7 are ̂, γ̂ and ̂. The singular set Ŝ in T 7/̂ which is a union of all the singular sets
of the operators ̂, γ̂ and ̂ is given by 12 copies of 3-tori, T 3. Repeating our arguments
of section 5, we can show that  of eq.(4.3) in the type IIA picture can be identied with
(−1)FL  Ω  I567. Thus M-theory on the same smooth Joyce 8-fold J8(12; 16; 43; 107) in the
limit of small r8, is dual to type IIA on J7(12; 43)=(−1)FL  Ω  R3.
Let’s call this second orientifold background of type IIA theory be \orientifold II" and
that of subsection 5.1 be \orientifold I". Notice that the role of the dilaton in orientifold I
is played by a geometrical modulus in orientifold II and vice versa, though they are actually
compactications on the same target space. This strongly indicates that these two orientifold
pictures viz. orientifold I and orientifold II of subsections 5.1 and 6.2 are related by some
kind of duality relations, although its precise nature is not known to the author.
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